An optimal compact embedding theorem related to the wave operator on an n-dimensional sphere is established. The existence of nontrivial 2n time periodic solutions of nonlinear wave equations on s" is proved in the case when the nonlinear term g(u) N [u]~-~u, p is less than the critical exponent 2(n + l)/(n-l), by suitable approximation and variational methods, even though the associated functional does not satisfy the Palais-Smale condition for n odd. Furthermore the regularity of weak solutions is proved for n even by establishing a special L, estimate for the wave operator.
INTRODUCTION
In this paper we will study some estimates on a wave operator which is very closely related to the study of the existence of time periodic solutions of nonlinear wave equations on Rx S" via variational methods. The existence of the critical points of functionals associated with the nonlinear wave equations and the regularity of the critical points so obtained will also be proved. We know that the Sobolev embedding theorems of the type Vq G L, play an important role in the study of the existence of solutions of nonlinear elliptic equations, more specifically, we must use them to check the Palais-Smale condition (see, for example, [6] ), where Vq is the standard Sobolev space of all real functions f on S' x S" that are in L,(S' x 9) together with their first r derivatives. But in the case of nonlinear wave equations, the standard Sobolev embedding theorems are not quite applicable since the reasonable Hilbert space H, which will be defined soon, to work with is very special. At least, the standard Sobolev embedding theorem cannot give us good estimates as we will see. So we need a better embedding theorem to study nonlinear wave equations. where u/, j,m are the Fourier coefficients with respect to the orthogonal basis e"'4,,,(x) in L,(S' x Sn), ul,,+=U ,,-,, ,,,, and ii,Pj,m is the complex conjugate of u,, ,,m. Clearly H is a Hilbert space with the inner product (4 O>ff= C MLAl Ul,j,mUI,j,m+ C UI,,,mU1,j,m. (4) which is the orthogonal complement of Ho. We hope to find a p > 2 as big as possible so that J/u/IL, < c(p)[lu/lH, where c(p) < co. It is not hard to see that H, 4 W1'2,2 is continuous, and we recall a standard Sobolev embedding theorem that tells us that W'/***G L, (p< (2n + 2)/n) is continuous. Therefore H, 4 L, (p < (2n + 2)/n) is clearly continuous. In a previous paper [ 111 we have proved that I141.p~CpI141H (5) for any UEH, and p < 2n/(n -1). In this paper we use an estimate on spherical harmonics obtained by C. D. Sogge [8] to get a better estimate, i.e., THEOREM 1. For any 2 < p < (2n + 2)/(n -1 ), H, 4 L, is compact.
It should be pointed out that Theorem 1 is almost optimal in the sense that we cannot get any estimate of the type llullLP<cllullH in which p > (2n + 2)/(n -1). In fact, it is easy to see that H-norm is bounded by the standard Sobolev WI,*-norm, and W132 G L, holds only for p < (2n + 2)/(n -l), and W',2 4 L, is compact only for p < (2n + 2)/(n -1). Furthermore in view of the results of R. S. Strichartz in [9, lo] on the wave operator in R' x R", it seems reasonable to conjecture that I(uJJLp<cp(I~IIH for ueH1 and p=(2n+2)/(n-l), but we still have difficulty proving it. We also would like to remark that H, = H in the case of even n, that is, if n is even, Ho is empty, the problem is much easier to handle.
In Section 2 we will prove Theorem 1, and in Section 3 we will apply Theorem 1 and use suitable approximation and variational methods to prove the following THEOREM 2. Assume that p E (2, (2n + 2)/(n -l)), and g(t, x, u) is 2~ periodic with respect to t and satisfies ld4&z)ld14P-'+~, a*G(t,x,z)-aa,<&g(t,x,z)z-G(t,x,z) (g(t, 4 Zl) -g(t, x, zz))(z, -z2) 2 4z, -z2l p (6) Idt, x7 ZN =0(M) at z =O, where G(t, x, z) = ji g( t, x, k) dk, a,, a,, a3, a4 are positive constants. Then Au = g(t, x, u)
has at least one nontrivial 2n periodic solution u E L,(S' x S") n H.
Actually we can improve all of Theorems l-4 in [ 111 with p< (2n + 2)/(n-1) instead of p<2n/(n -1). (When n = 1, both (2n + 2)/(n -1) and 2n/(n -1) are understood as 00.)
Various results on (7) for n = 1, i.e., the string equation, under reasonable assumptions on g are known (see, for instance, [2, 3, 71) . Up to now little is known for n > 1, especially for odd n. K. C. Chang and C. W. Hong [S] have proved the existence of nontrivial 27r periodic solutions of (7), in case n is even, by finite-dimensional approximation. V. Benci and D. Fortunato [l] have proved that (7) possesses a nontrivial 271 periodic solution in case n is odd, 2 < p < 2 + 2/n, and g satisfies (6) by duality argument.
We also would like to remark that if g = 0 and n > 1 is odd, every solution to Au = 0 is 27~ periodic because u(t, x) = ((sin tB)/B) q(x) + cos tB#(x), where d(x) = ~(0, x) and $(x) = a,u(t, x)1 ,=0, B = -A, + ((n -1)/2)2, and all eigenvalues of B are integers. In case n is even, Au = 0 has no nontrivial 271 periodic solution.
In Section 4 we will prove the regularity of the solution found in the proof of Theorem 2. To be precise, we will prove THEOREM 3. There exists at least one nontrivial 271 periodic solution u E W2, ' to the wave equation (7) provided n is even, 2 < p < (2n + 1 )/ (n-l), andgsatisfes (6)and (g'(u)l<c[lulpP2+1].
It should be remarked that regularity of the periodic solutions for odd n > 1 is completely open; the difficulty comes from the infinite-dimensional null space Ho. For n = 1, if g E C a and g is strictly monotone, H. Brezis, L. Nirenberg, and P. Rabinowitz proved that any weak solution of (7) belongs to C" (see [3, 7] ), but their methods strongly depend on the fact n= 1.
AN EMBEDDING THEOREM
In this section we will prove Theorem 1; first it is easy to see that Hrs L2 is compact. By the interpolation theorem, we know that it is enough to prove for any u E H, and 2 < p < (2n + 2)/(n -l), where H, is as in the Introduction. In order to prove this estimate, we need to use a theorem about the best estimate of the spherical harmonics due to C. D. Sogge [8] . 4 . Let H, be the orthogonal projection of u E LJS") onto the spherical harmonics of degree I, then
Ilf II L2 zjp>(2n+2)/(n-
1)
II HJ-II Lo G c, 1
This theorem follows from the sharp estimate 11 H,fll C2n + 2),(n-1l d
and interpolation inequality.
Proof of Theorem 1. Now let us prove Theorem 1 by using Theorem 4. Set then where 91, jtx) = C uI, j,mbl,m(x) m 24=x $,,j(~)e'i*=ul +u2,
[a] is the maximum integer which is less than or equal to a. We recall that (10) where p'= p/(p -l), i.e., the conjugate of p,
, and Holder's inequality, let c(k) = max{O, [n/2] -k}, since p<(2n+2)/ (n -1) implies that (n -1) p < 2(n + l), i.e.,
Similarly we have IIu211 LP < c,,I(u(I H for any p < (2n + 2)/(n -1). So
We finished the proof of Theorem 1.
The estimate given above may not seem extremely precise, since the use of Holder's inequalities in several occasions entails some loss of precision. But as noted in the Introduction, the loss was at most the critical case in which p = (2n + 2)/(n -1). For applications in following sections, Theorem 1 suffices.
APPLICATION TO NONLINEAR WAVE EQUATIONS
In this section we will use the estimate obtained in the previous section to prove Theorem 2 stated in the Introduction, i.e., there exists at least one nontrivial 2n periodic solution to the wave equation (7), if g satisfies (6). If we define the continuous self-adjoint operator L in H associated with operator A by the equation and if we set B(u) = in G(t, X, u(t, x)) dt dx, where u E L,, G(t, x, z) = j; g(t, x, k) dk, and 51 = S' x S", obviously BE C '(L,, R) and every u E H n L, that is a critical point of the functional Z(u)=fC<Lw u>"-4u)l
is a weak solution of (7) . In what follows we will look for the critical points of Z(u). First Z(U) defined above is indefinite in a very strong sense, in particular, it is not bounded from above or from below, and does not satisfy the Palais-Smale condition in the case of n odd, since N(A) is infinite dimensional (see [ll] ).
But we can prove the following LEMMA 1. Whenever a sequence { uj} in H n L, satisfies I( < M, Z'(uj) = 0, then there exists a subsequence of (ujj which converges strongly in H n L, provided 2 < p < (2n + 2)/(n -1).
This lemma implies that for any a < b, the set {U 1 Z(U) E (a, b), Z'(u) = 0} is compact in Hn L,. Before we prove this lemma, some notations are necessary. Set (12)
We will compute the limit of each term on the right-hand side of (12). Since uj -u weakly in L,, it is easy to see that (g("),uj-u)4(g(U)p U-24)=0.
Note that zuj = g(uj), since 11 g(uj)ll + is uniformly bounded by (6), hence 
Equations (12) 
Similarly (~u,--uq~=(Luj-Lu,u,~-u )
Combining (15) We should remark that the A, = A 1 HN are similar to elliptic operators, especially in that A, has finite negative eigenvalues and every eigenspace is finite dimensional. If uN satisfies ANuN = PNg(uN), then USE W2*2 by elliptic theory provided uN E L,. If n is even and p <2(n + l)/(n-l), then H n L, = H, and Z(u) defined in (11) satisfies the Palais-Smale condition. We can easily prove that there exists a nontrivial critical point UE H even without the strictly monotone condition on g. The detailed argument is omitted.
REGULARITY OF THE SOLUTIONS
First let us prove a trivial LEMMA 3. If n is even, p < 2 +2/n, then the weak solution. u to (7) obtained in the proof of Theorem 2 is in W'*'(S' x S").
Proof of Lemma. In order to prove this lemma, it is enough to prove that {u,,,} g=, is uniformly bounded in W1,2, where uN E HN defined in (17) 
where 8 is determined
If p < 2 + 2/n, then 2np < 4(n + 1 ), i.e., (n+l)(p-2)<2(nfl)-(n-l)p, so that (p-l)O < 1, and (19) implies that ()u,..,ll a~.2 is uniformly bounded.
Q.E.D.
Next we are going to prove Theorem 3, which improves Lemma 3 just stated. Before doing so, a lemma is needed. 
Similarly we have lIu211 L, < collfll L2 for any 2(n + 1 )/(n -2). Therefore (2n + 2)/(n -1) G p c l141Lp~ Il%llLp+ ll~2llL,~~0llfllL,.
Remark.
It is well known that W2,* 4 L, is compact for p<2(n+ l)/(n-3). It might be expected that Lemma 4 is true for p < (2n + 2)/(n -3), but this is unknown.
It seems doubtful that
L2'
It will be very interesting to lind out what pairs Note thatp=q'and (n + 3)/2(n + 1) -(n -1)/2(n + 1) = 2/(n + l), which is the biggest gap between p and q that can be expected. Thus it seems reasonable to conjecture at least that ((u((~~< cIIAuIIL,, where p and q satisfy p= q' and l/p -l/q = 2/(n + 1). There are some negative results about an W'*p estimate. W. Littman [S] proved that there exists no estimate of type ifp>,2n/(n-1).
LEMMA 5. Zfp< 2-t 3/(n-1) ( < 2(n+ l)/(n-2)), then the solution to (7) obtained in Theorem 2 is in W',2 n L, for any 2 < p < 2(n + l)/(n -2).
Proof of the Lemma. As in the proof of Lemma 3, it is enough to prove that ((~~11 w~.~ and ((~~(1~~ for any PE (2,2(n+ l)/(n-2)) are uniformly bounded. We already know that I(u~((~~ is uniformly bounded for any p< l(n+ l)/(n -l), therefore we only need to consider PE [2(n+ I)/ (n -l), 2(n + l)/(n -2)). Note that p < 2 + 3/(n -1) implies that p -1 < (n + 2)/(n -l), i.e.,
It is easy to calculate that
as E,, s2 + 0. Hence there is a a0 > 0 small enough so that
for O<E,<E~, O<s2<e0. For any fixed 2(n+l)/(n-l)<pc
we choose po=2(n+ l)/(n-2)-e,, E, <E,, such that pep0 and p,>2(n+2)/(n-1).
Th en by Lemma 4, and noting that Au, = Plvg(u,)7
If 2(p -1) < (2(n + 1) -Q/(n -l), it follows immediately that /IuJ Lfl is bounded. If 2(p -1) >, (2(n + 1) -EO)/(n -l), we have ll~Nll~,~~ll~Nll~~,,e,','P,,~,'_,,ll~~II~~,"-"~ It is easy to check that (p-l)f?=Z(sl, a,,). By our choice of E, and sO, (p-1)8< 1, and (21) implies that IJuN(JLM is bounded, hence lJu,J 4 is bounded. Since 2(p -1) < 2(n + 2)/(n -1) < 2(n + l)/(n -2), l(uJI w1.2 is also uniformly bounded by (18).
Now we are ready to prove Theorem 3.
Proof of Theorem 3. It is enough to prove that uN is uniformly bounded in W2,2. Let u,,, = DuN, where D is the gradient on S' x S", and uN will satisfy the equation Au, = pNCg'(UN) ONI. (22) Then for any p E (2(n + l)(n -l)/(n' -3n + 5), 2(n + l)/(n -2)) (where 2(n + l)(n -l)/(n* -3n + 5) < 2(n + l)/(n -2) for n 2 2 can be easily checked; in fact, 2(n + l)(n -l)/(n' -3n + 5) < 2(n + l)/(n -2) is true if and only if (n-l)(n-2)<n2-3n+5, i.e., n2-3n+2<n2-3n+5), Lemma IIb.IILpa4141L2q. a4lblly Ild~,~ where 8 satisfies 1/2q' = e/p' + (1 -19)/2, 0 < 8 < 1, since 2 < 2q' < p. The inequality above implies lluNll r, is bounded, so IIAuJI,, is bounded. Therefore llull W~.~ is bounded by (18), i.e., uN is bounded in W2s2. Q.E.D.
In order to obtain a sharper regularity result, clearly we need "L," theory of wave operators in the sense of the determination of all pairs (P, 4) such that Il4,G lMIL,.
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